Statistical Inference
Midterm Examination I 2017/10/16
Time: 1:20 pm — 5:00 pm

1. Consider a linear regression model
K
Z/z':ﬁo—i‘Zﬂjxij-i-Gi, i=1...,n, (%)
j=1

where ¢;’s are independent and identically distributed (i.i.d.) with mean 0 and posi-
tive variance o2. Let B = (Bo, b1, ..., Bx)’. We are interesting in estimating 3'3/0?
(which can be regarded as a signal-to-noise ratio), and a natural way to estimate it
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where 8 = (X' X) ' X"y,
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y= . Y),0°=(n—K-1)"1y(I,— M)y, I, is a n X n identity matrix and
M = X(X'X) !X’ is the orthogonal projection matrix onto C'(X), the column
space of X.

(1) Assuming €, follows a normal distribution, compute E(8'8/62). Is 3'3/6% an
unbiased estimator of 3'3/c*? If no, please find an unbiased estimator for
B'B/a”.

(2) Does B'B/62 converge in probability to 3/8/02 when there is no normality
assumption on ¢;7 Why?

2. Consider model (%) with K = 1 and

1, ifve=1;
Til = 4 . e
! iTV2 ifi=2,,... 0.

Does ,C:} converge in probability to 37 Why?
3. Consider model (x) without normality assumption on the noise.

(1) Find an asymptotic level 5% test of Hy : Bof31 + B3 = d versus H, : ~ Hy.

(2) Let * be a (K + 1)-dimensional known vector. Assuming €; follows a normal
distribution, find a 95% confidence interval for =*' 3.

(3) Construct a 95% confidence interval for (z*3)? when the normality assumption
of the noise holds true. If you can not do that, please find an asymptotic 95%
confidence interval for (z*'3)2.



4. If X,, ~ x*(n) and y,, ~ x*(n?), prove that
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5. Let (x;,4;),i=1,...,n, beiid. bivariate normal with mean (s, it,)" and covariance
matrix
2
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(1) Find the limiting distribution of \/n(p — p) where p = 04, /(0,0,).
(2) Use the result of part (1) to find the limiting distribution of

1+p 1
Gile (25) - (50)
L=p L=p
where p # £1.

(3) Use the result of part (2) to establish an asymptotic level 5% test of Hy: p =0
versus H, : p # 0.

where o, > 0 and o, > 0. Define

p=

6. Let X1, Xo,..., X, beiid. random variables with common probability density func-
tion fyp(x). Find an maximum likelihood estimate (MLE) for 6 in each of the following
cases:

(a) fo(z) =3 " —co <z < 0.
(b) folx) =e 2t 0 <z < 0.

(c) fo(z) = (Ba)z*Le %" z > 0, and o known.
7. Find an MLE, if it exists, in each of the following cases:

(a) X1, Xo,..., X, ~N(,0%), 0 €R.
(b) X1, Xs,..., X, is a sample from

1—-6 0
P(X:yl):Ta P(X =y) = 5, P(X=y3)25(0<0<1).

(C) X1, Xo, oo, Xy~ N(Q,Q), 0<6<o0.
8. Let Xy, X5, ..., X, be asample from exponential density
folz) =07 2>0,0>0.

Find the MLE of 6, and show that it is consistent and asymptotically normal.



